INVERSE
TRIGONO-
METRIC
FUNCTIONS

Syllabus

Definition, range, domain, principal value branch, Graphs of inverse
trigonometric functions.

____________________________________________________________________

e Domain of inverse trigonometric functions.

o Range of inverse trigonometric functions.

e Principal branch value of inverse trigonometric functions.
o Graph of different inverse trigonometric functions.

____________________________________________________________________

E Revision Notes

As we have learnt in class XI, the domain and range of trigonometric functions are given below:

S. No. Function Domain Range
(i) sine R [-1,1]
(ii) cosine R [-1,1]

T
(iii) tangent R- {x x=2n+ 1)E;n € Z} R
(iv) cosecant R-{x:x=nmne Z} R-(-L1)
(v) secant R—{x:x=(2n+l)g;nez} R-(-1,1)
(vi) cotangent R-{x:x=nmne Z} R




_C < -
0> X, 998005 — — - > X1-9950050
< < 4 . 3
AS X DIS>— S sx oessq| uomdunyomawouosiy
E u - 9SIDAUI JBY) JO anea
4 4 redoutrd ayy payred
T2 & p A S 2 >% 192> 0( st youerq anpea [edn
z - -und Ay ur sarf YoM
0> X _ue}s—— L <y uers | Sonreassoys pueyduelq
_ ﬁ Lo e anfea edpuud ayy st
7 z uonpuNy dLjAWouo3Ly
LS X, S0D> m 2 SX [ S0D S ()| asidAul ue jo dZuel Y[,
=& Cs X _uss
oVﬁ-ﬂEVMl TR e >0
0<XJ 0=<xJ

anyea redpund
pue ypueiq
anyea redourrg

suonouny
JLjoWou0SI
jo sydern

~——

suonouny
dLRWoU03Ly,

(11— ¥ «{Z>u v = x : x} — Y : 53500 (1a)
<
(T'1T)-Y < %N wz\mﬁ+ ug)=x: x% — ¥ :09s (a)

¥ «{7Z3uuu = x:x} - 1300 (A1)

[4 .
A T su‘_(1+ug)=x: RTM s uey ()

[1'1-] ¢ ¥ = s00 (1)
[I'1- ]y us (@

[PA9T PAIYL« [9Ad] PUODIS « [IAT ISIL] «
;dejy purjyl puejsiapun 03 MO

X+
il S00= 1 urs=x,_uej g (XIx)
x—1 T X7 T T
(4
Ax+1
1< hx’ o xue = £ uey — x _uey (MAX)
1
I>x>1-1 5 - ue} = x _ue} g (11aX)
4
fix — z 28
I>Ax’ M L Luey = fi_uey + x, ue} (1aX) 12 T (ax)
+Xx
cy<r_C _
<_ X100 + x,_uey (AIX) [>X>177y = %809+ X, s (9
1 = (-
x, uey — = (x-), ue} (1mx) SIS S EUT ()
0 <X “x jod= ol uey (x1)
X998 — 1 = (¥-) 9935 (X) 1
x
suoneal X,300 -1 = (x-), 300 (1ma) x,035=—, 503 (R1A)
yueyroduin ! ' I
S X500 -1 = (x-) 0D (1A) X, D3800= il LuIs (a)
4 T L
L SXS - ‘X = (vurs)_urs (a1) [SXS[-"x = (x_us)urs (1)
x s = fi< Auis = x (1) futs = x & x uis = A (1)
suogouny
SLAWOUO0S1]) SSIDAUT ‘(1 “0) = d8uey “ = urewo( ‘x,300 = A (1)
0 a8ueI pue urewo
¥ P : a ﬁM\WIW = a8uey ‘Y = urewo( "x, ue} = A (A)
C
%M*I [x ‘0] = a8uey “(1'1-)—y = urewo "x,293s = A (A1)
N i/ i/
s {0}—| ='=—| = a8uey (1'T-)-y = urewo(q "x,3s0d = A (1)

= (xuIs) # x_urs

P e [x“0] = a8uey [1'1-] = urewoq "x, 50> = £ (1)

N\N \\ .
*Hm mlu_u ww:mmEﬁl_uﬁa&oﬁﬁ‘ﬁmum@



1. Inverse function

We know that if function f: X — Y such that y = X
f(x) is one-one and onto, then we define another \
function g : Y — X such that x = g(y), where x € X 3n
and y € Y, which is also one-one and onto. 5m/2|---2

_________________________________

One-one function: One to one

function or one to one mapping states X _175/ 2
that each element of one set, say set A 01 S
is mapped with a unique element of ! 7] /2

another set, say set B, where A and B
are two different sets.

In terms of function, it states as if f(x) =
fly) = x =y, then fis one to one.

Onto function: If A and B are two
sets, if for every element of B, there is
atleast one or more element matching
with set A, it is called onto function.

___________________________________

R . 4,
In such a case, Domain of = Range of f Principal value branch of function cos™: The graph

of the function cos™ is as shown in figure. Domain

and Range of ¢ = Domain of f of the function cos™ is [-1, 1]. Its range in one of
g is called the inverse of f the intervals (- T, 0), (0, T), (T, 2T), etc. is one-one

g=f1 and onto with the range [- 1, 1]. The branch with
or Inverseof g=g¢-'=(f)1=f range (0, T) is called the principal value branch of
The graph of sine function is shown here: the function cos™.

Thus, cos: [-1, 1] — [0, ]

o
5n
2
2nf -
3n
2
-r
Principal value of branch function sin™: It .
2
is a function with domain [- 1, 1] and range 1
X' «—eo—4¢ X
3n -n|[-n & T 3m 10
S 523 or |5 and so on T
2
corresponding to each interval, 1 _rl-
we get a branch of the function —%n
sin~ ! x. The branch with range k-

- Sm
[—R,E] is called the principal A2
2 2 $

Y|
value branch. Thus, sin™! : [-1, 1] Y = coslx

-1
272
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Principal value branch function tan™: The function
tan! is defined whose domain is set of real numbers
and range is one of the intervals,

(ﬂ E) (i E) (E 31)
2 "2) 22)\2" 2 )"

Graph of the function is as shown in the figure:
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The branch with range (—g,g) is called the

principal value branch of function tan™. Thus,
tan?:R— (_—R,E)
2°2)

Principal value branch of function cosec? : The
graph of function cosec™! is shown in the figure. The

cosec is defined on a function whose domain is R
— (-1, 1) and the range is any one of the interval,

-3t -7 -T T n 3n
[7/7]—{n}/l:?,E]—{0},[5,7]—‘“5},.-.

=
A
|
A

-
y=cosecx

v
Y

The function corresponding to the range

T T
[7,5] —{0} is called the principal value branch

of cosec.

Thus, cosec™ : R —(~1,1) = [—gg] —{0}.

Principal value branch of function sec™: The graph
of function sec! is shown in figure. The sec! is
defined as a function whose domain R — (-1, 1) and

range is [- T, 0] _[%n]/ [0, n]—{;}, [x, 275]—{3;},

etc. Function corresponding to range [0, ] — {g} is

known as the principal value branch of sec™'.

Thus, sec™ :R—(-1,1) = [0,7] - {g}
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The principal value branch of function cot™:
The graph of function cot™ is shown below:

3
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|
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The cot™! function is defined on function whose domain is R and the range is any of the intervals, (-, 0), (0, m),

(w, 2m), ...

The function corresponding to (0, ) is called the principal value branch of the function cot™.

Then, cot': R — (0, «)

The principal value branch of trigonometric inverse functions is as follows:

Inverse Function Domain Principal Value Branch
sin”! [-1,1] - T
B
cos! [-1,1] [0, 7]
T T
cosec™ R-(-1,1) [7’5] -0
0, 7)-{2]
sec! R-(-1,1) 2
" (—_T‘ E)
tan R 5’2
cot! R 0, )
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Key Facts

1

E * Inverse trigonometric functions were
! considered early in the 1700s by Daniel
i Bernoulli, who use 'A.sin' for the inverse
. sine of a number, and in 1736. Euler
i wrote "At" for the inverse tangent.

! ¢ Inverse trigonometric functions one
! wused to find the elevation of sun to
. the ground. The angle of tilt of the
i building can be found using inverse
E trigonometric functions.

! e Inverse trigonometric functions help
i in identifying the angles of bridges to
i build scale models.

i * Inverse trigonometric functions are
i often called 'arc functions, since given a
! value of a trigonometric function, they
i produce the length of arc needed to
i obtain that value.

Principal Value:
Numerically smallest angle is known
principal value.
Finding the principal value: For finding the
principal value, following algorithm can followed :

as the

STEP 1: First draw a trigonometric circle and mark
the quadrant in which the angle may lie.

STEP 2: Select anti-clockwise direction for 1%t and
27 quadrants and clockwise direction for 3 and 4
quadrants.

STEP 3: Find the angles in the first rotation.

STEP 4: Select the numerically least (magnitude
wise) angle among these two values. The angle
thus found will be the principal value.

STEP 5: In case, two angles one with positive sign
and the other with the negative sign qualify for the
numerically least angle then, it is the convention
to select the angle with positive sign as principal
value.

The principal value is never numerically greater
than &

To simplify inverse trigonometric expressions,

following substitutions can be considered:

Expression Substitution

2 2

a®+ x2or Ja® +x x=atan@orx =acotO

a2 —x2or \Ja* —x* x=asin®orx =acos®

X2 —a?or Vx* -a*

x =asecHorx=aqacosecO

a-x o [2EX X = a cos 20
a+x a-x
2 2 2 2
\/” X or \/“ tx x% = a% cos 20
a+x* at —x*
Y oor A x =asin?0 or x = a cos*0
a-x x
X oo [T x=atan?6 or x = a cot>0
a+x x

Note the following and keep them in mind:

> The symbol sin~! x is used to denote the smallest an-
gle whether positive or negative, such that the sine
of this angle will give us x. Similarly cos™ x, tan™ x,

cosec! x, sec’! x and cot™! x are defined.

> You should note that sin~! x can be written as arcsin x.
Similarly, other Inverse Trigonometric Functions can

also be written as arccos x, arctan x, arcsec x etc.

> Also note that sin! x (and similarly other Inverse

Trigonometric Functions) is entirely different from
(sin x)™. In fact, sin”! x is the measure of an angle in

. . . . 1
Radians whose sine is x whereas (sin x)™ is ——
sin x

(which is obvious as per the laws of exponents).

> Keep in mind that these inverse trigonometric rela-
tions are true only in their domains i.c., they are valid
only for some values of “x” for which inverse trigono-

metric functions are well defined.

Inverse trigonometric ratio can be used to find the angle
of a right triangle when given two sides of the triangle.

_ it
SOH 0 =sin 1 M
hypotenuse
CAH e = c0571 M
hypotenuse
TOA 0=tan-t opposite
adjacent

Opposite

____________________________________________

]
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TRIGONOMETRIC FORMULAE (ONLY FOR REFERENCE):

Relation between trigonometric ratios:

(a) tan6= zg;g (b) tan®= ﬁ (c) cotb= Z?;g
1
d) coseco=—— secf =
@ sin© (e) cosO

Trigonometric Identities:
(@) sin?6 + cos?6 =1 (b) sec?6 =1+ tan?6 (c) cosec?® =1+ cot?0
Addition/subtraction/ formulae & some related results:
(a) sin(A+B)=sinA cos B+cosAsinB (b) cos (A£B) = cos Acos B ¥ sin Asin B
(c) cos (A + B) cos (A - B) = cos? A—sin? B = cos? B —sin? A
(d) sin (A + B)sin (A - B) = sin? A —sin? B = cos? B - cos* A

tanAttanB cotBcotA+1

e) tan(AtB)= "/~~~ f t(A+B) =
(©) ( ) IFtanAtanB () cot( ) cotB+cotA

Multiple angle formulae involving A, 2 A & 3 A:

(a) sin2A = 2sin A cos A (b) sin A = 2sin % cos 2
(c) cos2A = cos?A - sin?A (d) cos A = cos? % — sin? %
(e) cos2A =2cos?A-1 (f) 2cos?A =1+ cos2A
(g) cos2A =1-2sin’A (h) 2sin? A =1-cos 24
_ 2

(i) sin2A = —Ztan? (j) cos2A = 1-tan A tanZA

1+tan” A 1+tan” A
(k) tan2A = 12tta—n2AA () sin3A =3sinA-4sin*A

—tan

_ 3
(m) cos 3A =4 cos> A-3cos A (n) tan 3A = M
1-3tan" A
Transformation of sums/differences into products & vice-versa:

C+D C-D C+D C-D

(@) sinC+sinD = 2sin cos 5 (b) sinC —sinD =2cos sin 5

(c) cosC+cosD:2cosC+DcosC;D (d) cosC—cosD:—ZsinC;Dsin%
() 2sinAcos B =sin (A + B) + sin (A - B) (f) 2cosAsin B = sin (A + B)—sin (A - B)
(8) 2cosAcosB = cos (A + B) + cos (A-B) (h) 2sin A sin B = cos (A — B) — cos (A + B)

Relations in different measures of Angle:

(a) Angle in Radian Measure = (Angle in degree measure) X KTE)‘rad

(b) Angle in Degree Measure = (Angle in radian measure) X 180
T
(c) 6 (in radian measure) = —= o
r radius
Also following are of importance as well:
(a) 1rightangle = 90° (b) 1°=60",1 = 60"

() 1I°= FTE)O = 0-01745 radians (Approx.) (d) 1radian = 57°17"45" or 206265 seconds.

______

______________________________________________________________________________________________



> General Solutions:
(a) sinx =siny Or, x = nn + (-1)"y, wheren € Z.
(b) cosx =cosyOr, x =2nnty, wherene Z.
(c) tanx =tany Or x = nn + y, wheren € Z.

> Relation in Degree & Radian Measures:
E Angles in Degree 0° 30° 45° 60° 90° 180° 270° 360°
L — . = = n = 3n
: ngles in Radian p 2 3 5 (™) B (2m)
1
E> Trigonometric Ratio of Standard Angles: E
1 1
! Degree 0° 30° 45° 60° 90° .
1 1
! sin x 0 1 1 3 1 !
: 2 N 2 :
i i
: . J3 1 1 . :
E COos x ? \/E 5 E
: 1 :
1 i 1
E tan x 0 NG 1 3 - E
E \/— 1 1 0 E
i cot x o 3 7= 1
| B |
1 1
2
i cosec x - 2 J2 A 1 i
i z i
E sec x 1 75 J2 2 - E
1 1
E> Trigonometric Ratios of Allied Angles: E
1 1
1 1
1 1
! Angles (—) !
: m_ T, 3n_ o |37, :
: 5 6 5 6 n-6 T+ 0 2 2 2n-60or-6 | 2n+ 0 :
E T - Ratios ({) E
. sin cos 0 cos 0 sin 6 —sin 0 —cos® | —cosB —sin 0 sin 6 .
1 1
E cos sin © —sin 6 —cos 6 —cos 6 —sin 6 sin 6 cos 6 cos 6 E
E tan cot® —cot® —tan 6 tan 0 cot @ —-cot® —tan 6 tan 0 E
1 1
. cot tan 0 —tan 0 —cot O cot 6 tan 6 —tan 0 —cot O cot 6 .
E sec cosecO® | —cosec® | —secB —secO® | —cosec® | cosecB sec O sec 0 E
1 1
: cosec sec 0 sec cosecO® | —cosec® | —secH —sec O — cosec 9 cosec® | i

n Multiple Choice Questions Ans. Option (A) is correct.
Explanation: cos! (1) +sin™ (_i]
] . pranaron: < 2 N
1S

Q. 1. The principal value of cos™* (%j +sin! (—i

V2

(a) (B)

© g (D) g [CBSE Board 2021]



- 9
Q. 2. The principal value of tan ! (tan ?n] is:

T 3n
A) g (B) ry
T 3n
(©) "3 (D) Y

[CBSE Board 2021]

mn4ﬁm{n+§ﬂ

Ans. Option (A) is correct.

Explanation: tan™! [tan %j

I
—-
QO
=]
L
7/ N\
fes
Q
7
Ne—
1]
|3

Q. 3. What is the domain of the function cos™ (2x - 3)?
A) [-1,1] (B) (1,2
© 11 (D) [1,2]
[CBSE Board 2021]
Ans. Option (D) is correct.
Explanation: Let, f(x) = cos™ (2x - 3)

-1<2x-3<1
= 2<2x<4
= 1<x<2

- x € [1, 2] or domain of x is [1, 2].

Q. 4. The principal value of [tan™" /3 — cot(—/3)] is:

T
(A) (B) )
(© o (D) 23

[CBSE Board 2021]
Ans. Option (B) is correct.
Explanation: We have,

tan' /3 - cot’l(—\/g)

= tan™ (tang) — 1+ cot ! (cot/3)

Explanation:

[cot(-0) = - cot™18]

Q. 5. The simplest form of tanl{

M—Jﬁ} o

Vl1+x +41-x
Y Y T T
Wiz ® 1*2

©) T Tiostx (D) T Tcos™tx
4 2 4 2

[CBSE Board 2021]
Ans. Option (C) is correct.

af VI+x —+1-
Explanation: We have, tan 1(—/1_+;C+ /1_i

1
Put x = cos26, so that 6 = 5 cos lx

tan-! J1+¢c0s20 —/1-cos20
J1+c0s260 ++/1-cos260

— tan’! (\/Zcos2 0 —\/Zsin2 6]

V2c0s%0 +/25in20
— tan™ cos® —sin® Divide by cos 6
cos0 +sin 6
= tan-! 1-tan®
1+tan®
= |:’can_1 tan (E - 9)]
4
T 1 -1
= ——=cos x
4 2
. 1 131 |
Q. 6. The principal value of cos (COST] is:
13n n
(A) e (B) 5
T T
© 3 D) ¢

[CBSE Board 2020]
Ans. Option (D) is correct.

Topper Answer, 2020

_________________________________________________

3
Q. 7. The value of sin™! (Cos?nj is:

T 3
(A) 0 (B) =

_______________________________________________

-3n
10 D) =~

[CBSE OD Set-I 2020]
Ans. Option (C) is correct.



Explanation: . _1(. n)
= —sin” | sin—
| o) 1
sin”" | cos| —
o3
sin_l[cos[£+lﬂ - _T
2 10 10
sin! (—sinl)
10 sin_l(sinx)zx,xe i,E
22
T .
cos| —+x |=-sinx
oo o)l

[+ sin™ (—x) = —sin”! x]

Detailed Answer:

©) Very Short Answer Type

Questions (1 mark each) tan~' 3 + cot (—/3)

Q. 1. Find the value of sin™ [sin[—%ﬂ. _ tan(tan§)+ (x—cot 1\/3)

[CBSE Delhi SET-I, 2020]

Sol. sin™! [sin (— UTEH —sin”! {sin (27: + gﬂ b3

g+n—co’c‘1 3

4t © 7=

_ _g 1 3 6 6
[CBSE Marking Scheme 2020] Short Answer Type
Questions-I (2 marks each)
(SELemtehe /b L0 el Q. 1. Express tan_l( cos'x ),ﬂ <x<Zl in the
1-sinx 2 2
171t simplest form.

1
E » Most of the students write the answer as —
1

[CBSE SQP 2020-21]

O ' & 9 1%
»\|’S Answering Ti Sm( - x)
@ 8 lip . —) = tan™ 2 J Y2
! 1 1- Cos[;E — x)
H RS . -T T !
i 0)=0,iff0e| —,— '
: » sin  (sin®) i 6[2 2] | )
""""""""""""""""""""""""" Zsm(f - f)cos(g - ﬁ)
Q. 2. Write the principal value of tan~! 4 2 4 2
2sin? (E = E)
tan (V3) + cot (~+3) . I 4 2
[Delhi & O.D., 2018] [NCERT] I (n o« o T (1 =x
tan" |cot| ——= || = tan "[tan{————— 1
4 2 \4 2
un ( n) 7T i
Sol. 3 6 6 tan™!| tan kil + 2l = kid aF X 1
4 2 4 2

[CBSE Marking Scheme 2018] L
[CBSE SQP Marking Scheme 2020-21]



Q. 2. Prove that sin ' (2xV1-x*)=2cos 'x, = <x < [CBSE Board 2020]

\/__

ﬂ Topper Answer, 2020

9 p=-co B<O<My

2 U= ﬁﬂ(gngi\"@.ml@)

"= afp” sftoRe

=00 [ose<rly » pfreo<#,|
_ mSmy o
Hence Proved B -
Q. 3. Prove that: i (Sin (x . ﬂ;)) " (x . ﬂ:) -
= if 0 < —| < =
om_ gsin_1 (1) =2 sin™ [&] 4 4 2
8§ 4 3 4 3
. .. T
[CBSE OD SET-I, 11, III 2020] i.e. principal values = (X+Z) 1

sinx +cosx

Q. 4. Express sin~! -where _ cx< T [CBSE SQP Marking Scheme 2020]
P 2 ) 4 4

11
Q. 5. Prove that 3 sin”'x = sin™![3x - 4x3] x € [—E, E]

in the simplest form. [CBSE SQP 2020]
. Smx cosx - - [Delhi, O.D., 2018]
Sol. Sm ( \/_ 2 ) if —— < x< N Sol. InRHS, putx=sin® Y
RHS = sin’!(3 sin 6 — 4sin°0)
— sin! (sinx cos E+cosx sin E) = sin”!(sin 36) 1
g & =30 = 3sin"'x = LHS v
L e L i [CBSE Marking Scheme 2018]
4 4 4 4 4

Detailed Solution:

ﬂ Topper Answer, 2018

I 85y = .&m T 3x—Yy®)
i R4S gun' (dx-4x?)

i _ fu = At _
: & ( 358~ 4 a6

&n T (4fnde) B
! . 56 -
i 3 8imM :
: RHS = LHC - il
i My, Paousf

________________________________________________________________________________________________

Q. 6.1If 4 sin"' x + cos™  x = 7, then find the value of x. Sol. 4sin'x+cos'x=n

[S.Q.P. 2018]

. T,
or4sm1x+(5—sm1x)=n Va



. . m
or4sm1x—sm1x:n—5 )

L T
or3sintx==
2

. -1 LY
or sm Xx=—
6

—

1
LX==
2

1
Q. 7. Prove that 3cos™x = cos[4x® - 3x], x € |:E' 1]

[CBSE Comptt. Set I, II, IIT 2018]

Q. 8. Simplify : cot™ — 1 forx<-1.
Vx* -1
[S.Q.P. 2016-17]
Sol. Letsec'x =0, then x =secOand forx <-1,
Z co<n i
2
Given expression = cot™(- cot 0) )
T

= cot![cot(n-0)] =m-seclxas0 <m-0 < > 1

Short Answer Type
Questions-II

©)

Q. 1. Solve the equation for x :

sin™! (E) +sin™! (E) =r (x #0)
X x 2

[ CBSE Delhi Set ITI 2020]

(3 marks each)

Q. 2.Solve for x:sin*(1-x)—2sin'x = g

[NCERT] [CBSE Delhi Set I 2020]

T
Sol. sin!'(1-x)-2sin'x = b 1
[T |
= (I1-x) = sin E+Zsm X
= (1-x) = cos (2sin™ x)
= T-x = 1-2x2 1
: 2%-x =0
= X 0, x L b
= , = — 2
2

. 1 . . .
Since, x = o does not satisfy the given equation

- x = 01is the required solution. Y
[CBSE Marking Scheme 2020 (Modified)]

Commonly Made Error

. » Errors are made by students while squaring, |
: simplifying and solving higher degree algebraic 1
: equations. :

U

@ Answering Tip

» Back substitute the answer in the given
equation to obtain the final answer.

______________________________________________

. 41 _
Q. 3. Find the value of sin (Ztan ! Z) +cos(tan 1 2\/5)

[CBSE SQP 2018]

Sol. sin (2 tan ™ i )+ cos (tan’l 22 )

1
Lets first evaluated, (2 tan”™' Z)

Put tan’ll =
4
= tan 0= l
4
Now, sin 20 = Ztan?
1+tan” 6
le
_ 4 _8 1
a 217
1+(1)
4
To evaluate cos(tan™2+v/2), put tan' 22 =0
= tan ¢ = 242
=3 1
= cos ¢ 3
1 8 1 41
in|2tan” = |+ cos(tan'24/2) = —+ == —
sm( n4) s(n )17351

[CBSE Marking Scheme 2018 (Modified)]

Commonly Made Error

» Some errors are made by
converting inverse trigonometric functions into
simple trigonometric form and also algebraic
calculations.

students in

'@' Answering Tip

» Use right triangles to convert the trigonometric

ratios.
2
Q. 4. Prove that cos™ (x) + cos™ | X + N3-3 | m
2 2 3
[SQP 2018]




Sol. Let, coslx = o.or x = cos o

LHS = a+cos‘1|:cosoccos(§)+§ l—coszoc:| 1
i b1 LT
= O+ COoS [COS(E)COSOC-FSIHESIH(X] 1
el3-9)
= O+ COoS COS| —— O
3
- oc+§—oc [+ cos(cos 8) = OV O e (0, m)] %

= RHS e

w3

[CBSE Marking Scheme 2018 (Modified)]

Commonly Made Error

» Some students apply the formula for cos™ x +
cos™ y and gets confused.

b o o e T - -

@ Answering Tip

» Apply the properties of inverse trigonometric
functions.

______________________________________________

1
Q. 5. Solve for x : tanl( ad )= Etan’lx, x>0.

1+x
[O.D. Set I, II, ITI Comptt. 2017]
[NCERT][O.D. Set I, II, III Comptt. 2015]

Q. 6. Solve for x : 2 tan™! (cos x) = tan™! (2 cosec x).
[NCERT][Delhi Set I, II, III, 2016]
[NCERT Exemplar][Foreign 2015]

Sol. Given, 2 tan(cos x) = tan™!(2 cosec x)
or tan (ZCL};) = tan(2 cosec x) Ve
1—cos™x
or 2 cot x cosec x = 2 cosec x 1
or cotx =1 b3
T
or x=cot! (1) = = 1

4
[CBSE Marking Scheme 2016 (Modified)]

Q. 7. If sin[cot}(x + 1)] = cos(tan"x), then find x.
[Delhi I, 11, III 2015]

Given that sin[cot!(x + 1)] = cos(tan™'x) ..(i)
We know that,

Sol.

1
t1(A) = sin™'
N Y

Here, A=x+1

Applying this identity in equation (i), we have
1

sin| sin” ————| = cos(tan"lx) (i) 1
1+(1+x)
Also, we know that
4 1
tan'A = cos
J1+A?
Here, A=x

Applying this identity in equation (ii), we have

| 1 ( L1 J
sin| sin” ———=| = cos| cos 1
[ J1+(1+x) V1422
1 _ 1
o Jl+@+xp 1+
- sin”!(sinB) =0 € (—E, E)
2 2

and cos(cos ) =0V € 6 € [0, ]]

Squaring and Reciprocating on both sides, we

have
T+ A +x2=1+ 2 Y
or T1+1+x2+2x=1+ »?
or 1+2x=0
or x=—1 b3
2

[CBSE Marking Scheme 2015 (Modified)]

Commonly Made Error

i » Generally students get confused with
| trigonometricidentities of inverse trigonometric
| functions. They substitute wrong identities.

<

(LG
‘,@: Answering Tip
» Students should do practice for the conversion

1
Jiter'

1 1
1 1
i like tan™' @ =cos™ sin”! (sinB) = 6 and i
: :
1 1

cos™! (cos@) = - 0.

Q. 8. Prove that:
tan! J1+cosx ++/1-cosx M oXx
I 4
J1+cosx —v1-cosx 4 2

where T<x < 3775 . [CBSE S.Q.P. 2016]



=t 1+ cosx —+/1—cosx

tan™ (\/1 +cosx ++/1—cosx J

\/2c052§+\/23in2§
— tan’!
\/ZCOSZE—\/ZSiHZE
2 2
|- 2cos§+x/§sin§
= tan
- Zcosf— 2sir1E
2 2

3n T x 3m X
AsST<x<— Or —<—<— Or COS—
2 4 2

2 2

Sol. Let, 2x = tan 6 1
_ 3
LHS = tan-" 3tan6 tazn AN tan'l( Ztan? ) 5
1-3tan” 6 1-tan6
=tan!(tan 30) — tan"!(tan 20) 1
Y =30-20
=0 ortan™' 2x 1
LHS = RHS
[CBSE Marking Scheme 2016 (Modified)]
1
Commonly Made Error
<0,

i » Students apply the formula for tan™' x + tan™' |
i y and makes it complicated, even though the |
>0 ) !

sin% answer is obtained.
1-tan—
= tan™ = %
1+tan—
2
= tan™ (tan (E - f))
4 2
5n°
1,2 1,902 = 2%
_m_x (As,—E>£—£>—E]1 Q. 3.If (tan"'x)? + (cot™x) 5 , find x.
4 2 4 4 2 2
[CBSE Marking Scheme 2015 (Modified)] [Delhi I, II, ITI 2015]
2
©) Long Answer Type Sol. (tan™x)* + (cot™x)? = —o=
Questions (5 marks each) .
2
or (tan"lx)? + (E —tan™’ x) _ 1
1| VI+2? +41- &2 2 8
Q. 1. Prove that tan™ ﬁ 2 5
1+x"-~N1-x or 2 (tan~'x)?— ntan’1x+z—?=0
T 1 42 : 2
=—4= .. F t 111 2017
4 tocos x-l<x<1 [Foreign se ] or 2(tanx)2— mtan™ x — % =0 2
[NCERT Exemplar] T
=il —_ —
L (6x—8x° L ax or tan'x = B E— 1
Q. 2. Prove that tan™ | ———— [-tan P
1-12x 1-4x 3 —
or tanx = —n, -z
= tan'IZx;|2x|<%. 4 4
=-1 1
[Outside Delhi Set I, I, ITI, Comptt. 2016] [CBSE Marking Scheme 2015 (Modified)]

+// COMPETENCY BASED QUESTIONS

{@)) Case based MCQs

Attempt any four sub-parts from each question.

Each sub-part carries 1 mark.

I. Read the following text and answer the following

questions on the basis of the same:




Ans.

Q.2.

Ans.

Q.3.

Ans.

Two men on either side of a temple of 30 metres
high observe its top at the angles of elevation o
and P respectively. (as shown in the figure above).
The distance between the two men is 40+/3 metres
and the distance between the first person A and the
temple is 30~/3 meters. [CBSE QB-2021]

(1
(B) sin (Zj

.ZCAB =0 =

(A) sin™! (%j

(C) sin~1(2) (D) sinl[g]
Option (B) is correct.
Explanation: In A BDA
. BD
sinot = —
AB
AB* = AD* + BD?
= (304/3)? +(30)?
= (60’
AB = 60m
Now, sino = E
60
. 1
sino = =
2
. (1
ie. ZCAB = o =sin 3
ZCAB = o =

(1 42
(A) cos 1(5] (B) cos 1(5j

(C) cos™! [ﬁj (D) cos‘l(éj
2 5
Option (C) is correct.
Explanation: In A BDA
AD
cosoL = —
AB
303
cosoL = ——
60
o =cos | —
2

Z/CAB = o.=cos™ [g}
ZBCA = =

(A) tan! [%j (B) tan~1(2)

(C) tan™! (%) (D) tan~(v3)

Option (D) is correct.

Q.4.

Ans.

Ans.
1I.

Explanation:
DC = AC-AD

= 403 3043

=10/3m
In ABDC

BD 30
tanp=—=—-7-= \/§
P=pc 1043

ZBCA =B =tan(+/3)

ZABC =
T i
(A) 1 (B) .
T T
© 5 (D) 3
Option (C) is correct.
Explanation: Since,
sina = 1
2
ie., sino. = sin30°
[ sin30° = 1}
2
o = 30°
we, have tanp = +/3
tanf = tan60°
. B = 60°
Now, InAABC
Z/ABC + /BCA+ #CAB = 180°
ZABC +60°+30° = 180°
ZABC = 90°
ZABC =L
2

. Domain and Range of cos™'x is:

(A) (=L 1), 0, m (B) [-1,1], (0, m)

(©) [-1,11,[0, 7] (D) (-1,1), [—g ﬂ
Option (C) is correct.

Read the following text and answer the following
questions on the basis of the same:

The Government of India is planning to fix a
hoarding board at the face of a building on the
road of a busy market for awareness on COVID-19
protocol. Ram, Robert and Rahim are the three
engineers who are working on this project. "A" is
considered to be a person viewing the hoarding
board 20 metres away from the building, standing
at the edge of a pathway nearby. Ram, Robert and
Rahim suggested to the firm to place the hoarding
board at three different locations namely C, D and
E. "C" is the height of 10 metres from the ground
level. For the viewer A, the angle of elevation of "D"
is double the angle of elevation of "C". The angle
of elevation of "E" is triple the angle of elevation of
"C" for the same viewer. Look at the figure given
and based on the above information answer the
following:



10m

20m B

[CBSE QB 2021]

(1
(B) tan [Ej

(D) tan’!(3)

Q. 1. Measure of ZCAB is:
(A) tan”!(2)

(C) tan™(1)
Ans. Option (B) is correct.
Explanation: Let ZCAB = 0, therefore ZDAB = 26

and ZEAB = 30
C
10 m
0
53 20m B
In right AABC, we have
BC 10 1
tanb = —=—=—
AB 20 2
= 0= tan’lé
(i)
ZCAB = tan_lé

Q. 2. Measure of ZDAB is:

(3
(A) tan (Z)
1[4
©) tan (Ej

Ans. Option (C) is correct.
Explanation:
From eq. (i), we have

(B) tan’!(3)

(D) tan’1(4)

tan 6 =

tan 20 =

/DAB = tan™! [%j

20
A 10m B

Q. 3. Measure of ZEAB is:
(A) tan”!(11)

2
tan”!| =
© (11)
Ans. Option (D) is correct.

(B) tan!3

(11
(D) tan [Ej

Explanation: We have tan = %
E
30
A 10 m B
tan3
tan 30 = 3tan® tazn 0
1-3tan”0
3
3><1— 1
_ 2 \2
- N2
1-3(3
2
3_ 111
= 2 =38
L3 1
4
U,
8 2
11
= tan!| =
o = tan [
(11
= ZEAB = tan >

Q.4.A' is another viewer standing on the same line
of observation across the road. If the width of
the road is 5 meters, then the difference between
Z/CAB and ZCA'B is:

1
(B) tan’! [—j
8

(1
(A) tan (EJ
©) tanl(éj (D) tanl[%j

Ans. Option (A) is correct.
Explanation: Let ZCA'B = o



Principal value of branch function sin™: It

C is a function with domain [- 1, 1] and range
[ﬂ —_n} [i z] [E 3_ﬂ] d
2 ’ 2 ’ 2 /2 or 2/ 2 an SO on
10m corresponding to each interval, we get a branch of
o 0 the function sin~! x. The branch with range [—775, g]
A 5m A 20m B
BC 10 is called the principal value branch. Thus, sin™ : [-1,
In AA'CB, tano= — =
AB  20+5 1 [—n TC:I
- |= =
10 2 22
= tano= — = —
25 5
Y
-1 Z\J A
= o = tan (— I
5
\Bm
= ACAVB — tan_l (%\J 57'5/2 ----
5
21
-1 1 N 3m/2
Also, /CAB = tan 5 -
T/2|----
[Calculated above] X' -1 .
01
ZCAB - ZCAB = tan™! [%) ~tan™! [—j < ----- /2
—T
1 2 - 3n/2 >
— tan”| 255 “on
T+—x=( -5m/2
25 £
41 v
= tan — Y
(&
Therefore, the required difference between ZCAB n 1
. . . -1
and ZCABin tan-! 1 . Q. 1. Find the value sm{g —sin (—EH . [2]
12
Q. 5. Domain and Range of tanx is: , {n , 1( 1 ﬂ
Sol. sin|=—sin™ | —=
S A R, -2 T
(A) [zzj (B) (22 _
T T = sin| = +sin”! (1)] [ sin™}(-0) = —sinB]
R/ ~ 57 A D R/ 0/ A B 3 2 ' - T
or(25)  owfol) |
Ans. Option (c) is correct. - sin| F 4 sin_l( sin) 1
Explanation: Domain and Range of tan™'x are | 3 6
respectively (—eo, o) and _rr ie, R I r
P y( ) [ 2,2] 1733 _ in £+£}
13 6
©) Case l?ased Subjective _ gin| 2Tt
Questions (4 marks each) | 6
Read the following text and answer the following - Sin(S_n
questions, on the basis of the same. 6
(Each Sub Part Caries 2 Marks) ] (nj
=sin|—-| =1 1
Today in the class of Mathematics, Mrs. Agrawal in

explaining the inverse trigonometric function. She
draws the graph of the sin"lx and and write down
the following about the principal value of branch Sol. Let f(x) = sin™! Jr—1
function sin™%:

Q. 2. Find the domain of sin'vx -1 and sin"[x].

= 0<x-1<1



= 1<x<2 . Domain of sin"'[x] is {x: -1 < [x] < 1}

xe [1,2] -1V -1<x<0
[+vVx-1>20and-1<+x-1<1]1 But [x]=9 0V 0sx<1
1V 1<x<2

We know that,

Domain of sin*is [-1, 1] . Domain of sin”![x] is [-1, 2)

1
Solutions for Practice Questions -

hort Answer Type Questions-| sin%0 = 1 L i
o 9 . 41 8 i

3. LHS = ——-=sin™ — in2e = 2 !
8 2 3 sin“ 0 9 :

-2 E—sin‘11 =2cos‘11 1 sin@ = —2\/5 :

412 3] 4 3 3 !

22 i

2 0 = sin' —— '

= %sin_l[ 1—(%) J 3 i

1(1) - [zﬁ ] i

COSs 5 = SIn T H

== 2Sin_1 & = RHS 1 i

1 3 9. 422 :

Now, from equation (i) = riaa e :

[CBSE Marking Scheme 2020] i

=RHS. Hence proved.;

Detailed Answer: l
To prove: Commonly Made Error
or 9 . (1 9 . (22 :
= _ZsinT|=| = ZsinT | —= {

8§ 4 3 4 3 :
LHS. = & _2g,1 i

4 3 '

- _{E —gin™! 1} | » Some students convert sin to tan and makes it |

42 3 | complicated. j

[Using, sin”x + cos™x = g = coslx = g - sinx] 7. Putx = cos 0in R.H.S. Y i
1 i

9 (1 s — <x<1, RHS = cos!(4cos® 6 — 3cos 6) 1

= 705 |3 (i) 2 :

=cos!(cos30) =30 atlh!

= 3 cos'x = LHS Yy

[CBSE Marking Scheme 2018]

) 22 . i

Short Answer Type Questions-II :

a 1.  Given equation can be written as :

! C (12 m (5 ;

1 sin ? = E — Sin ; :

Let cos1= =9 i
3 (12 (5 :

1 = sin|—| = cos [— :

cosf = 3 X X :

2 1

N —-25 1

sin?0 + cos?0 =1 - sin™t (E) — sinl| XX :

1)\? x X :

-2 1

0+=| = '

sin (3) 1 12 ¥2_25 :



Long Answer Type Questions

i = x2-25 = 144 :
i — x = *13, 1% ) 1 12 1 |
E Since, x = -13 does not satisfy the given equation, 1. Putx’=cos26 or6= 58 X :
E .. required solution is x = 13. b2 5 5 :
i [CBSE Marking Scheme 2020 (Modified)] LHS = tan ™! V20528 +4/2sin6 q :
‘ c Gi \/Zcosze—\/ZSinze i
' 5. iven i
i tan~! (1 —x ) _ 1tan_1 X P cosB+sinb | tan™! 1+tan®6 . i
| T+x 2 cos® —sin® 1-tan®6 1% i
i or  tan'l—tan'x = ltan‘1 x 1% . . i
: 2 =tan_1(tan(—+6))=—+6 1 .
: 3 1 T 4 4: :
i or —tan" x = — :
: 2 4 T 1 :
i o =—+—-cos'x?,~1<x<1=RHS 1
i or tan"'x = g % 4 2 E
! . [CBSE Marking Scheme 2017 (Modified)] !
: or x = tan (—) Ve !
e 6 i
i 1 ‘
i X = — 1/ !
: 3 : :

[CBSE Marking Scheme 2015]

REFLECTIONS

1
1
* Inverse trigonometric ratios are used by carpenters ¢  Architects used the inverse trigonometric ratios to ;
to create a desired cut angle. calculate the angle of bridge and the supports. i
* Inverse trigonometric ratio one used to measure the !
angle of depth and angle of inclination. i



SELF ASSESSMENT PAPER - 01

Time: 1 hour MM: 30

UNIT-I
(A) OBJECTIVE TYPE QUESTIONS:

I. Multiple Choice Questions [1x6 = 6]
Q. 1. The function f(x) = x? + 4x + 4 is

(A) odd function (B) even function
(C) neither odd or even function (D) periodic function
Q. 2. What is the domain of sin"'(x + 1) ?
(A) [-1,1] (B) [-2,0] ©) [2,0) (D) [-2,2]

1y , 1 _
Q.3. If f(x+;)=x 7 then f(x) is

(A) x> +1 (B) 2—x? (C) x2-2 (D) 4x2-2
Q. 4. The value of tan!{tan(-6)} is
(A) 2n (B) 2n-6 C) 2n+6 (D) None of these

Q. 5. The value of sin (s«ec1 1—;] =

8 15 17 8
A) — B) — C) = D) —
(A) 7 (B) 7 © 5 (D) 15
Q. 6. Principal value of sin™ (_—1) is
. 6. ) NGl
T T T T
z _Z C) —= D) =
(A) (B) —3 © 3 (D) .
II. Case-Based MCQs [1x4 = 4]

Attempt any 4 sub-parts from each questions. Each question carries 1 mark.

Read the following text and answer the questions on the basis of the same.

Reena is preparing notes on the topic ‘Relations” which she studied in the last Mathematics class. She write down
the following in her note book.

Arelation R on a set A is said to be an equivalence relation on A iff it is

* Reflexive ie., (a,a) e RVae A

* Symmetricie., (a,b) e R= (b,a)e Re a,bV A

¢ Transitive i.e., (2, b) € Rand (b,c)e R=(a,c)e RVa,b,ce A

Q.7. Ifthe relation R = {(1, 1), (1, 2), (1, 3), 2, 2), 2, 3), (3, 1), (3,2), 3, 3)} defined on the set A = {1, 2, 3}, then Ris

(A) Reflexive (B) Symmetric (C) Transitive (D) Equivalence
Q. 8. If therelation R = {(1, 2), (2, 1), (1, 3), (3, 1)} defined on the set A = {1, 2, 3}, then Ris
(A) Reflexive (B) Symmetric (C) Transitive (D) Equivalence

Q. 9. If the relation R on a set of natural numbers defined asR = {(x,y) : y = x + 5and x < 4}, then Riis
(A) Reflexive (B) Symmetric (C) Transitive (D) Equivalence

Q. 10.If a relation Ronset A = {1, 2, 3, ....... , 13,14} defined as R = {(x, y) : 3x -y = 0}, then R is
(A) Reflexive (B) Symmetric (C) Transitive (D) None of these



Q. 11.1f the relation on set A = {1, 2,3} defined as R = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3,2), (3, 3)}, then R is
(A) Reflexive (B) Symmetric (C) Transitive (D) Equivalence

(B) SUBJECTIVE TYPE QUESTIONS:

ITI. Very Short Answer Type Questions [3%x1 = 3]
Q. 12.1f f(x) = 2x — ¥, then find the value of f(x + 2) - f(x —2) atx = 0.
Q. 13.Check function f: R — R defined as f(x) = 5x* - 8 is one-one or not.

4(1 _
Q. 14.Prove that cos™ (;)= sec” x Vx e (oo, ~1] U[L, ).

IV. Short Answer Type Questions—I [2%3 = 6]

Q. 15.Consider a function f : [0, /2] — R, given by f(x) = sin x and g : [0, @/2] — R, given by g(x) = cos x. Show that fand
g and are one-one, but f = g is not one-one.

Q. 16.Find the principal value of the following.

(i) sin™ (i) ij) cot™ (i)
NP R N
—q)?, if p> —(- .
Q. 17.1f function A, is defined by A(p, q) = {(P 9 . p=i then find the value of expression Mo(=3+2),(=2+ 3)).
p+q, if p<q (=(=2+1))
V. Short Answer Type Questions-II [3%2 = 6]

Q. 18.Show thatR = {(a,b) :a,be Z} and a + bis even} is a equivalence relation.

Q.19.Ify = cot™ (\/ COSX) —tan™ (\/ COSX), prove that siny = tan’ %

VI. Long Answer Type Questions [5%1 = 5]

Q. 20.(a) Evaluate : cos(2 cos™'x + sin”!x) at x = % where 0 < cos™! x < wand —g <sin'x < g

(b) Prove that : tan (E + lcos’1 E)+ tan {E - 1cos’1 E} = 2b
4 2 b 4 2 b] a

aa



