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@ Representation
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@ Determinant valueof 1x1&2 x 2
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Minor & Cofactor
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Expanding/Opening Determinant

Expanding w.r.t R1
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@ Determinant value of 3x3
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@ Determinant value of 3x3
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@ Cofactor property

In a determinant the sum of the product’s of the
element’s of any row (column) with their corresponding
cofactor’s is equal to the value of determinant.




@ Cofactor property

2 -3 1
2 0 -l
1 4 5




Shortcut
to find value of
determinant




@ #Shortcut (Rule of Sarrus)

+ o+ O+
a b« a\bNe Vo b
e f g - /\\,\ ’
h i e/k/\g /g‘é f = afj+ bgh + cei - hfc - iga - jeb
h i j |hoi




@ #Shortcut (Rule of Sarrus)




@ #Shortcut (Rule of Sarrus)
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“ Properties of
Determinant




@ Properties of Determinants

AT| = [A]
® |1|-1
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@ Properties of Determinants

2. If any two rows (or columns) of a determinant be
interchanged, the value of determinant is




@ Properties of Determinants

3. If row or columns are rotated in cyclic order

then value of determinant is
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@ Properties of Determinants

4. If a determinant has any two rows (or

columns) identical, then its
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@ Properties of Determinants

a; by ¢
a, bz Cz

eg.IfD=
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then kD = b, ¢
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@ Properties of Determinants

T8 6. |kA| = k" |A|, where n is order of A. I
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@ Evaluate [102 18 36
1 3  36|- ( 36 | = o
17 3 6 1+ 2 &




@ Let A = [a;] and B = [b;] be two 3 x 3 real matrices such that
@j = (3)(+i-2 @ where i, j =1, 2, 3. If the determinant of B is 81, then
the determinant of A is: LG“”“"‘)
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@ Let A be a 3 x 3 matrix with det(A) = 4. Le’rdeno’re the i row -
of A. If a ma'rrix@s obtained by performing the operation

4@ 2R, + 5R3]on 2 A} then det(B) is equal to
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@ Let p and p + 2 be prime numbers and let -

( CEINED)
+D! (p+2)! (p+ «k* Ninax + Prox
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@ Properties of Determinants

MY Note: The value of a skew symmetric
determinant of odd order is zero.
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@ Properties of Determinants

7. Adding Determinants

a;+x by+y ¢tz
b C,
b

N

3 C3




@ Properties of Determinants
8. Splitting Determinants I
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@ Find
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@ Properties of Determinants
4 = x4
9. |AB|=|A][B] I [As] =14l 18)

A= H}(é‘ and B = H\g‘ Then AB = ‘g g
Al=1
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@ Properties of Determinants

10.If det(A) = O, then A is known as matrix.




@ Let f§ be a real number. Consider the matrix

1£(47 — (8 — 1)4° — pa’
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is a singular matrix, then the value of 9f is
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Elementary Transformation

J/l./The value of determinant remains same if we apply
elementary transformation
orC,— C, + kC, + mC;
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sin’ 1+cos’z cos2z

@ The maximum value of f(z) = |1 + sin’z cos® x cos2z |,z € R is

sin’ cos? sin 2z

T T

E,-—) <, + G

) <2
2 CGBQ"TL CoR2mn
1 Cox* . Sinaw

16th Mar, 2021 (shift 2)

| + Co¥¥ot  Co2mx

R\—‘ R\"’k,_
o—@f—o0

1 N Sinn

2 S (2 = -4 QAih’L‘)t—(D‘n's




~Jate < QAnd + bess < Jazr g




— |1 +sin’z  sin’z glﬁ_:c
@ The solutions of the equati cos’z 1+cosix cos’ z =0
4sin 2z 4sin2x 1+ 4sin2z
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sin? z —2+cos’z cos 2x Y
Let f(z) = |2 + sin®2 cos? z cos2z |,z € [0,7]

sin® z cos?x 1+ cos2zx

Then the maximum value of f(x) is equal to
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@ The total number of distinct x € R for which
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Advance Ques

(Determinant + Complex Numbers)
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@ Let w be the complex humber OSTHS]HT Then the number of
z+1 [0 o>
o z+o? 1 [C0)is equal to
o’ 1 Z+®

1) N

2 JEE Adv 2010
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distinct complex humbers z satisfying




@ Let « and B be the roots of the equation x? + x + 1 = 0. Then for

w =<
W=

@ . [JEE M 2019]
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#0inR,
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Let w be the complex cube root of unity with w #1 and P =[P;]beanxn
matrix with ‘pij = wiﬂ" Then P2 O, when n =
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@ Let w # 1 be the cube root of unity and S be the set of all

1 a b
o 1 ¢
co2 o 1

non-singular matrices of the form

where each of a, b and c is either w or w2 Then the number of

distinct matrices in the set S is
JEE Adv 2011
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w
) and det (A2 - %I) = 0, then a possible value of a is a

A 0 4inx Ain < 17th Mar, 2021 (shift 1)
- An  ©







Let A be a 2 X 2 matrix with det (A) = —1 and det

((A + 1) (Adj (A) + 1)) = 4. Then the sum of the
diagonal elements of A can be :

(A) -1 B2
©1 wd=2/2 () [H

A’&% N e BN S & {a? I"'J

= @+)(d+) —be
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Domain
Let |[M| denote the determinant of a square matrix M. Let g: [0, %] — R be the function defined by

90 =F® -1 + ,f(g—e)—l

where
< D JEE Adv. 2022
[ 1 sin@ o K __
f(®) ==|-sind 1|
2l —1 —sin@ '_k— (@) -
—_— — (@]

Let p(x) be a guadratic polynomial whose roots are the maximum and minimum values of the
function g(6), and p(2) = 2 — V2 . Then, which of the following is/are TRUE ?
A e £ A A_a.&m A+ odd, Ohdlu-
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Special
Determinants




@ Special Determinants

1 x x2
2 1y y=&-ny-2)(z-x%)
1 z z?
1 x x3
# 11y ¥ =-Ny-DEz-x)x+y+2)
1 z z3
a b c
:%* b ¢ a|=-(a®+b3+c3-3abc)
c a b




@ Special Determinants
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b+c C b
Prove that |/ ) 63 a | =4abc
8 a+b
71411 R,— R, ~RytRy)
o0 o &
lo —2a —Qf&j a/\\
C c+q Q e © '
L a - C  Cra &
At b oo a+b
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b+c a+b a
c+a b+c b
at+b c+a c

= a3+ b3 + ¢ — 3abc.

@ Show that

Hw.







a—b-c 2a 2a
@ Show that | 2b b-—c—a 2b |=(a+b+c)d
2cC 2C c—a-—>b

H.w.







x x2

yz
y y% zx

z z¢ xy

=(x—-y)y—2)(z-x)(xy +yz + zx)

@ Show that
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a’+1 ab ac
@ Showthat| ab b?+1 bc
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@ Which of the following values of a satisfy the equation

2+a)? 2+20)? (2+ 3a)?|=-648a?
B+a)? (3+20)? (3+3a)?

RZ - K')_— Rl

-4 Ry Rs=Re

%‘(l_-l;g_)z (1+20)? (1+ 3a)?

B (o e

B~ Ltz dxa
B XS Yoy
‘Q”S\b?‘f?\

Q'\'S%S-
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(JEE Adv. 2015)

=-648










(¢l +c+2=0
@ Ifé2+ b2 + ¢2 = -2/and
1 +@x _(1+@x (;jczlx

(1+a%)x 1+b%x (1+c?)x
(1+a%)x (1+b%)x 1+c3x

i JEE Adv. 2005
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@ Find values of

sin® cos O sin20

i (6+2“ B+2n i (26+4“)
[: sin 3 CcOS 3 sin 3

sin! 0— 2?11) COSs (G — 2?11:) sin (26 — 4?“) (2000 - 3 marks)

—
R.™ Ry + Ry

(e o o)

(0 +7.]13 —







___“Method to Solve
~ System of Linear
: Equations




@ System Linear Equations

n Determinant Method (Cramer’s Rule) '
ﬂ Matrix Method (Gauss- Jordan Method) '




Cramer’s Rule
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L dphem of LE
2 Do) [z D
7D (]f D D
a, by ¢
D=|a, b, ¢ }-io D+o
a; by c; N % } : w
0 3= U&gm Sal.
R N
d, b; ¢ a, d, ¢ a, b, d,;
D,=|92 b, ¢ | p,=|a; d; G D,=|92 b, d,
d; b; c; a; d; C; a; b; d;




Cramer’s Rule

-0 o
®t - __D—' s
ko
LB 16 =0]
Unique solution

1 1

If atleast one of IfD,=D,=D; = o)

D,, D,, D, \Infinite Solution Or

No solution /N_o Solution

0D ik ke Phwan padle



@ Important terms

i. Consistent: @uﬁon exists|(unique or infinite solution)
ii. Inconsistent: solution does not exist (No solution)

iii. Homogeneous equations: constant terms are zero
iv. Trivial solution: all variables = zeroi.e.,x=0,y=0,z=0.

A =0 =0 Z=p

w Var :g




# Cramer's Rule
(for Homogeneous
Equations)




@ Homogeneous Linear Equations

aX + by +c¢;z

a,X + b,y + ¢,z Homo Ziraar g‘f""
azX + bzy + C;Z = |

]

D\: (o) :DL:D3
D:O oR 51'-0




@ Homogeneous Linear Equations

IfD#0 IfFD=0
Trivial solution Non - Trivial solution

v Unige St or

Infinite Solution




Gauss-dJordan
Method




@ Matrix Method (Gauss-Jordan Method)

X+y+z=6Y ’7ﬁ=% H=% Z=%
X-y+z=2V
2x+y-z=1 | . .
o Iy . = oo
] | e
2 1 -1 % 1
IA\ 0 |Al=o
_\AXJS # Wnigua
MX:Q% @i R=0 AR\ +0
A= KR ()




@ Matrix Method

l

If |A| # O
Unique solution

(CIdj A).B=0 (adjA).B=0
No solution Infinite solution




Questions




@ For what values of p and g the system of equations has

2x + py + 6z=8
X+2y+Qqz=5
X+y+3z=4

i. Unique solution ii. No solution iii. Infinite solutions




% i) Unigue Sor” D=

D #o0
u:-o_)(‘t —) #0

(P #2 and q #3 D, =
) No Sok” D=° @ ’D"D"’)KJ: o

1P+ -2\

H = N R RN DN U000 R =N

N T

—

R N Y pNUTO = ND

P Ul WO O WO o0 WO o

=(p-2)(q-3)
= (p - 2)(4q - 15)
=0

= (p-2)




W
@ The system of equations -
kx +y+z=1

X+ky+z=Kk
X + YV + zk = k?

17th March 2021, Shift 1

o) B
1
1| = (k + 2)(k — 1)? D=0 K== [_11_

v X
1 1 1
1:—(k—1)2(k+1)0""'"—@

4’, =0 D= 0};
9,10

has no solution, if k is equal to




@ Let the system of linear equations
- Homo + Non =Arivial

has non-trivial solution, then which of the foHowing is true?

4 A 2
D=2 -1 1|=QGQ+2m-6)
u 2 3 18th March 2021, Shift 2




X-y+kz=-2
ky +4z=6,k €

Consjder the following statements:
7 The system has unique solution if k # 2, k # -2
2. The system has unique solution if k = -2
& The system has unique solution if k = 2
A4 The system has ng solution if k = 2

8. The system has infinite number of solutions if k &-2

Which of the following statements are correct?

24th February 2021, Shift 2

@ For the system of linear equations
[x - 2y =1
R

2 & 5only K-y — o Soih

3 & 4 only

Lnl&4only
1& 5 only




1
1
0

1
1
0
1
1
0

1
=|-2
6

—2
-1
k

-2 0
-1 k
k

1
-2
6
—2
-1
k

0
kl=02-k)2+k)
4
= —(k + 2)(k + 10)

. T A
0
k| = —6(k + 2)
. -~

1
-2 =3(k+ 2)

6

oo A

§ k=2

D=O}
Dy o
Do

B2,




If the system of equations
kx +y+2z=1
3x-y-22=2

-2x -2y -4z=3

has infinitely many solutions, then k is equal to -

k1 2 25th February 2021, Shift 1
D=1|3 -1 -2/=0 A

-2 =2 —4

1 1 2 —
D,=12 -1 =2[=0 K'QI

3 =2 —4

k 1 2
D,=|3 2 =2[=-2(k-21)

-2 3 —4

k 1 1
D;=|3 -1 2|=(k—-21)

-2 =2 3




@ The following system of linear equations

2Xx+3y+22=9
3X+2y+22=9
X-Y+4z=8 25th February 2021, Shift 2

does not have any solution

H’Iﬁs a unique solution

%5 has a solution (a, B, y) satisfying a + g2 + y3 = 12 O+ ;7'.,. 2374. 12

m has infinitely many solutions
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2x+y+z=5
X-Yy+z=3
X+y+az=>b

has no solution, then:

w
@ If the following system of linear equations -

31 Aug 2021, Shift 1

- x
|'-D—°§ DDy, By *o > 1 1 a_:—\g— L+ 2
__1 7 D=1 -1 1|=1-3a
a# b=z 2 1 5 No Sof

R 1 7 D3= 1 —1 3|=7-3b
o 27 " b3 1 1 b




@

The value of a and b, for which the system of equations
2X + 3y +6z2=8

X+ 2y40az=5
3x+5y+9z=Db 25 July 2021, Shift 1

has no solution, are :

_D:O

m=3,b¢13 D =
Ha¢3,b¢13
a¢3,b=3 Dy =
ua=3,b=13

g W N W

S-U1 0 O Q O

WE DN WREkL N




w
The value of A and p such that the system of equations x +y + z = 6, -
3x + 5y + 52 = 26, x + 2y + Az = u has no solutions, are :

22 July 2021, shift 1

1 1 1

D=|3 5 5|=21—-4
1 2 A
D:O




@

The value of k € R, for which the following system of linear

equations
3X-y+4z=3
X+2y-3z=-2 20 July 2021, shift 2

6x + 5y + kz =-3
Has infinitely many solutions is :

5 D=D=D7Dy=e

3 -1 4
£ p=fi 2 -3l=7k+35=0
6 5 k

. 5
0. [




Cramer’s Rule
(JEE Main 2022)




. w
If the system of equations -
X+y+z=6

2x+5y+az=3

X+2y+3z=14 . . JEE Main 2022
Has infinitely many solutions, then a + 3 is equal to :

1 1
5 =8—a = 0

2 3 °<:g
1 6 +\’a-3e
5 ﬁ =36-ﬁ =0

2 14 <p=44




@ The number of values of a for which the system of equations : !

X+Yy+z=qa
aX + 2ay + 3z = -1 JEE Main 2022

X +3ay + 5z =4

Is inconsistent, is /
" No Sop™

0 1 1 1

a 2a 3|=3(@—-1)?% =0
1 3a 5
a 1 1

—1 2a 3|=a’*—-1la+7 *0
4 3a 5




. . w
Let the system of linear equations -
[x +y+az=2

3X+y+z=4
X+ 2z=1
have a unique solution (X, y’, 7). If (a, X7), (Y, @) and (X', - y") are

collinear points, then theGunmof absolute values of all possible values
of a is:

JEE Main 2022

“4 kil-tl—'\\ Mij()M 6\7-9
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@ The ordered pair (a, b), for which the system of linear equations !

3x-2y+z=b
5x-8y+9z2=3
2X+y+az=-1 JEE Main 2022

Has no solution, is:
O solut

1
5 —8 [9]=-14(a+3) =0 @
2 1
= 7(3b—1) #0

4
B ()
L 3
,
1 [C
\ 3
s

3 -2 /b
D=5 g /3
uf’”‘%] 2 1 (o




w
If the system of equationsax +y +z =5, x+2y+32-4 x+3y+52- B, -
has infinitely many solutions, then the ordered pair (a, B) is equal to:

JEE Main 2022
1 1
2 3 :a—]_ - 0
3 5
‘D:D,ﬂ‘D,_:'DfU
1 1
2 3|=p5-3 =0




. . w
Let the system of linear equations X + 2y +z=2,ax+ 3y -z=qa, -aX + Y -
+ 2z = -a be inconsistent. Then(@ is equal to:

C No Sol" JEE Main 2022

“5/2 1 2 1

H'S/z D=la 3 -1 =74+2a =0

!

—a 1 2

ﬂ*m 2 2 1

Di*l @ 3 —1|=14+2a #0°
—a 1 2




. . w
If the system of linear equations -
2Xx+y-z=7

X-3y+2z=1
X+ 4y +6z=k,where §,k eR
has infinitely many solutions, then § + k is equal to:

1 1 JEE Main 2022
—3 2|=-7(6+3) =0

4 ) g"i

1 7 k=6

P AR = S




Let p.q,r be nonzero real numbers that are, respectively, th 100" and 1000%" terms of a
harmonic progression. Consider the system of linear equations

L. - A+9D
Sx+y+z=1 ¢
,L,.L,JF-vM’- 10x + 100y + 1000z = 0 1L - A+94D
P grxtpry+pqz=0 1 JEE Adv. 2022
Pir ‘
—}_ A-+999D
List-1 List-IT

(D If g = 10, then the system of linear P)x=0, y= % ,z= _é as a solution b A- 4 q qD

equations has —?{ = A_ + qD

(In If g # 100, then the system of linear Qx= % , y=-— 3, z = 0 as a solution

equations has

(1) If qt 10, then the system of lin R) infinitely many solutions The correct option is:

equations has

. _ | &) () = (D; (1D ~ R (1) ~ (S); (V) — (T)

(Iv) If = 10, then the system of linea (S) no solution .

- M = (Q; (D) = (S); (I = (); AV) = (R)
\_, —

(T) at least one solution X) (D - (Q); (ID) = (R); (1) - (P); (IV) = (R)
x) (D = (T); dD) = (S); () = (P); (IV) = (T)

equations has




lO'X-I-loo% -r(ooaz- =0

x* 4
P

=0

Q rre
|

vs = O

\ \ o) O
lo loo (ooo \k 260
A+aD Pc*‘i“\b A+949D \A aD C{01}<‘100b

D=\
| \ 0 c{bo(b ‘q
Q A‘r‘m) AH‘\%

.»35- \j\b 65 \006 \ Gi%(b—i\)
Lax)) A 9990




D=0 ] D=A e
D= qOOC'D—Pf)

= 940 (-#)

= 9o (>-K)

4+QQD
@ Fray * @ 1-A
A+ 94D + Lok + QoY)

P + ak
D4k










Question Stem
Let @, B and y be real numbers such that the system of linear equations

xX+2y+3z=a«a
4x +5y+6z=
7x+8y+‘93=y—1

D:O/

is consistent. Let |M| represent the determinant of the matrix D= Dm=Dz= o

g 1 0
-1 0 1

(%/"‘3”*9 M=Ia 2y

SD

—

Let@be the plane containing all those (a, ﬂz, Z) for which the above system of linear

equations is consistent, an be the square of the distance of the point (0,1, 0)
from the plane P. = _——

Q\M °<(‘\ \’a(?.\-\(ﬂ
Q.7  The value of [M| i 1s
= -RAY =)

Q.8 The value (}fDlS ’ ;

JEE Adv. 2021




(0,1,0)
G

—2¢tZ-= |J

0O-2+0—)

= O

2 S

o \}L — { =2~
<><(4s—48) —13(\3’—24) + (Y-@\s) s
o+ LR —3(3-Y) = o (3@1

O<“1(3+K-\:0 ‘CL;I,S

C-2py =) ¢

—_—
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How to Differentiate
a Determinant?




@ Differentiation of Determinants

f.(x) f,(x) fi(X)
FOO= | g0 9,0 g5(x)
h,(X) hy(X) hz(Xx)

(e = | 460 kG k™| (- _ _ ) |- -
R I R R A
‘\\(7[) Jl\:z.("l\ ‘9\3(7() . A/;(’l) &'Z(m) '{;@‘\




x+a? ab ac
@ IffX)=lab x+b?2 bc find 'é/(oc)

ac bc X+C2

{() -

1 o ¢ W ok ac nd ok ac
ab A+k- e + |0 l o4 | &k wnto be
ac be A+ aC  be e o o i




2X x—1 x+1
Iflat+ b5+l +dx+e= |x+1 x2—x x—1
x—1 x+1 3x

then the value of e, is

“O X =0 ‘oa)bk- Qide

H_z e.|° 7 ‘
3 \-l [ C)|
0.




2X x—1 x+1
x+1 x¥-x x—-1
x—1 x+1 3x

@ Ifax*+bx3+cx2+dx+e-=

then the value of d, is

9 | | - - —_ =
4 +?%+2%+d = al W x| 4+ || 2% -\ l_‘_ - -

n-1 AUl ™ —







# Cayley - Hamilton
| Theorem




@ Cayley - Hamilton Theorem

[ Every square matrix satisfies a specific polynomial
equation known as characteristic equation.
X PQL) = |A- Al
. P(A)=0

A — any Sq. malrine =

f\m\a S makvin widk Saluky n ke Chav. %




@ Using Cayley Hamilton theorem, find @nc@
0
“=E 3 (1-A)C1+A%) - g4l =0

o 1+AS A=A G 4 <0

-y 2 ©
lz A 7 =0

6 o |-\

Ag—f\l—S/\ +S =0
S

Q-‘\W Q“(\)(\—A\T () =0 Fa. Sqn.

U0 (AA ) =444 d 2




CH:- A-A—SA+SI=0
A= A +sA —ST

o AT AR
0 20 “
C N - A (K +SA-S1)
PN - L VA
A" = k(M) = K e5A-ST 48
—ST 4sh-




=A—|
<A'-‘*— BosA+ST =o) A"
AL_ A —gl +§@: (o)

2

N2 - A +AxST |
s




@ LEtA=[:'\._Bz] {Al:L/P +2X= 18

If él + vyA + 181 = O, then dti_(_A) is equal to
- S
- <7 "R-A
s0 G-D)R-DHtx =0
uso 4(“‘A‘A\‘+_r\{_+l°<=b
A7+ (<4-F) +R<+4R) =0

R Ry (R A+ Qe T =
A+TATIRT =0

= 0

JEE Main 2022

~4p -
2% +4@ = 18







1 2
@ Let 4:( 5 5]. Let a,f € Rbe such that

aA”+BA=2].Then a+f isequal to -

JEE Main 2022

“10 \:9_ —-s,\ A=2T

: (-0Es-0 +4-0 @ A=ZI
: ATHG) <120 4R < 1o

ZQ\MI\ “T=0 3 T

10




(A"H:A 1) A
A+41= N




1 2
@ Let A= [_1 4] If Al=al + BA, a, B € R, Iisa2x 2identity

matrix, then 4(a - B) is equal to :

5
“ JEE Main 2021
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